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Abstract: We investigate the thermodynamics of the flavour sector of the Sakai-
Sugimoto model in the presence of a magnetic field. Renormalizing the euclidean
Dirac-Born-Infeld action in the antipodal limit, we find for the confined and decon-
fined phases positive contributions to the pressures that grow with the magnetic field.
We also obtain positive magnetic susceptibilities indicating a paramagnetic behaviour
of quarks. Using these results we estimate a λ2/Nc correction to the deconfinement
temperature that decreases as a function of the magnetic field.
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1. Introduction
A strong magnetic field may be able to change dramatically the QCD phase dia-
gram. It has recently been found in lattice QCD [1], from the analyisis of different
thermodynamic observables, that the crossover temperature region should fall as the
magnetic field increases [1]. This implies that a strong magnetic field would tend to
inhibit confinement. This result has been reproduced qualitatively in [2] using the
MIT bag model, signalizing the importance of quark confinement. A large-Nc QCD
approach considered in [3] has also obtained this effect from the analysis of Nf/Nc
corrections to the pressure due to quarks degrees of freedom 1.
Motivated by these results we investigate the thermodynamics of the quark sector
in the Sakai-Sugimoto model [5] in the presence of a magnetic field. The Sakai-
Sugimoto model is a holographic model for massless QCD in the limit of large-
Nc. The model describes the confinement of gluons and quarks in the quenched
1A magnetic inhibition of chiral symmetry breaking has also been proposed in [4].
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approximation Nf  Nc. The color sector is described by a D4-brane background in
Type IIA String Theory obtained from Nc coincident D4-branes. One of the spatial
coordinates is compactified on a circle wih anti-periodic boundary conditions for the
adjoint fermions such that supersymmetry is completely broken. The quark sector
is described by Nf pairs of D8-D8 branes in the probe limit. At zero temperature
the Sakai-Sugimoto model describes confinement and spontaneous chiral symmetry
breaking.
An elegant description of deconfinement transition and chiral symmetry restora-
tion in the Sakai-Sugimoto model was done by Aharony, Sonnenschein and Yankielow-
icz [6]. At finite temperature a new D4-brane background arises describing a de-
confined phase of gluons. The confinement/deconfinement transition then can be
mapped to a Hawking-Page transition between two different D4-brane backgrounds.
From the analysis of the pressure in both backgrounds a deconfinement temperature
was estimated. The result was that gluons should suffer a confinement/deconfinement
transition at Tc = MKK/(2pi) where MKK is a mass scale of the order of the lightest
glueball mass.
In this paper we first review the D4-brane backgrounds (gluon sector) and the
D8-D8 brane solutions (quark sector) arising from the euclidean Dirac-Born-Infeld
(DBI) action in the presence of an homogeneous magnetic field. These solutions were
previously obtained in [7, 8] where chiral symmetry restoration was investigated2. For
simplicity, we investigate the flavour thermodynamics in the antipodal limit of these
configurations where the D8-D8 branes are located at antipodal points of the circle
in the fifth dimensional coordinate. The Nf flavour D8-D8 branes can be considered
as four-dimensional defects in the 5-d Yang-Mills theory associated with the Nc color
D4-branes. As shown in [6], in the antipodal limit chiral symmetry restoration and
deconfinement occur at the same temperature Tc = MKK/(2pi).
We find in this paper, after renormalizing the euclidean DBI action for the D8-
D8 branes, a positive contribution to the pressure for both confined and deconfined
phases. These pressures are proportional to λ3Nc where λ is the ’t Hooft constant
and grow with the magnetic field. The main difference between the pressures is the
temperature dependence. In the confined phase the pressure is independent of the
temperature suggesting a vacuum interpretation whereas the deconfined phase has a
non-trivial dependence on the temperature indicating a plasma interpretation. From
the analysis of the pressure we estimate a λ2/Nc correction to the deconfinement
temperature that is positive at zero magnetic field and becomes negative for strong
magnetic fields. The latter is in agreement with the lattice results obtained in [1].
2See [9] for a recent study of the two-flavour case.
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2. Gluons in the Sakai-Sugimoto model
2.1 The confined phase
The confined gluon sector of the Sakai-Sugimoto model is the Witten’s model [10]
and consists of the strong coupling description of a stack of Nc D4-branes in Type
IIA String Theory. In this model the dual of a 5-d Yang-Mills theory in the large Nc
limit is described by a D4-brane background given by
ds2 =
( u
R
)3/2 [
dt2 + dx2 + f(u)dτ 2
]
+
(
R
u
)3/2 [
du2
f(u)
+ u2dΩ24
]
,
eφ = gs
( u
R
)3/4
, F4 =
2piNc
VS4
4 , f(u) = 1−
(uKK
u
)3
. (2.1)
The D4-brane parameter R is given by
R3 = pigsNc α
′3/2 . (2.2)
The coordinates t and ~x represent the euclidean time and three spatial coordinates.
The extra coordinate τ is compactified on a circle in order to get a 4-d Yang Mills
theory. Antiperiodic boundary conditions for the adjoint fermions leads to supersym-
metry breaking of the effective 4-d Yang-Mills theory. The period in τ is associated
with a 4-d mass scale MKK by δτ = 2pi/(MKK). The mass scale MKK can be
identified with the mass of the lightest glueball. .
The condition of smoothness of the metric relates uKK with MKK by
2pi
MKK
= δτ =
4pi
3
R3/2
u
1/2
KK
. (2.3)
The euclidean time coordinate t has a period β = 1/T where T is identified with the
temperature of the dual field theory.
The string coupling is related to the 4-d Yang-Mills coupling through the relation
gs =
g2YM
2piMKK
√
α′
. (2.4)
As a consequence of (2.4), we can write the parameter R in terms of the ’t Hooft
coupling λ = g2YMNc :
R3 =
λ
2MKK
α′ . (2.5)
Note that the 5-d Yang-Mills coupling of the D4-branes, given by
g25 = g
2
YM
(
4pi
MKK
)
= 8pi2gs
√
α′ , (2.6)
is a dimensionful quantity. As a consequence there is a power-law running of a
dimensionless effective coupling
λeff5 (U) = g
2
5NcU = 4pi
λ
MKK
U , (2.7)
where U = u/α′ is the energy of the 5-d theory.
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2.2 The deconfined phase
As described in [6], the deconfined phase of the gluon sector in the Sakai-Sugimoto
model is described by the euclidean black brane background given by
ds2 =
( u
R
)3/2 [
h(u)dt2 + dx2 + dτ 2
]
+
(
R
u
)3/2 [
du2
h(u)
+ u2dΩ24
]
,
eφ = gs
( u
R
)3/4
, F4 =
2piNc
VS4
4 , h(u) = 1−
(uT
u
)3
. (2.8)
The temperature is again obtained from the euclidean time period as δt = 1/T
while the mass scale MKK corresponds to the period of the extra coordinate δτ =
2pi/(MKK). The condition of smoothness of the geometry now relates the horizon
uT with the temperature :
1
T
= δt =
4pi
3
R3/2
u
1/2
T
. (2.9)
2.3 Gluon thermodynamics
Evaluating the Type IIA Supergravity action for the D4-brane solutions described
in (2.1) and (2.8) and taking into account the Gibbons-Hawking surface terms, it
is possible to estimate the finite temperature pressure associated with the dual field
theory [6, 12]. However, the on-shell action is divergent and have to be regularized
such that the divergences can be subtracted. This is done following a holographic
renormalization scheme for Dp-brane backgrounds were boundary counterterms are
constructed [11–13].
The renormalized actions for the confined and deconfined phases take the form
[6, 12] :
SSugraConf = −
(
2
37pi2
M4KKλN
2
c
)
V3
T
,
SSugraDeconf = −
(
2
37pi2
M4KKλN
2
c
)
V3
T
(
2piT
MKK
)6
. (2.10)
where V3 is the volume of the 3 spatial directions. Using the thermodynamic relation
P = −T (∂S/∂V3), we obtain the corresponding pressures
PGluonsConf =
2
37pi2
M4KKλN
2
c , (2.11)
PGluonsDeconf =
(
2
37pi2
M4KKλN
2
c
)(
2piT
MKK
)6
. (2.12)
The pressure (2.11) is the vacuum energy arising from gluon diagrams whereas the
deconfined result in (2.12) can be interpreted in terms of a gluon plasma in the
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dual field theory. The dependence λT 6 in (2.12) is a consequence of the power-law
running of the five dimensional effective coupling (2.7) in the sense that
λT 6 ∼ λ5(T )T 5 , (2.13)
where λ5(T ) ∼ λT is the effective five dimensional coupling. The T 5 dependence
is the expected behaviour in the Stefan-Boltzmann limit of a five dimensional gluon
plasma 3. From the condition of equality of pressures (2.11) and (2.12) one finds in
the large-Nc limit a confinement/deconfinement transition at Tc = MKK/(2pi).
3. Quarks in the Sakai-Sugimoto model in the presence of a
magnetic field
As described in the introduction, quarks degrees of freedom in the quenched limit
(Nf  Nc) are described by Nf pair of D8-D8 probe branes living in the D4-brane
background. For simplicity we will consider the case of Nf = 1.
The dynamics of probe branes is described by the Dirac-Born-Infeld (DBI) ac-
tion. The euclidean DBI action for a D8 brane (or/and D8 brane) can be written
as
SDBI = µ8
∫
d9xe−φ
√
det(GMN + 2piα′FMN) , (3.1)
where GMN is the nine dimensional induced metric, FMN is the Maxwell field and
µ8 = (2pi)
−8α′−9/2 is the D8-brane tension.
The D8-D8 branes define a world volume including the four dimensional coordi-
nates (t, ~x) and the sphere angular coordinates xα. The extra coordinate in the world
volume can be either τ or u. If we choose τ then the branes are localized through a
curve u(τ) that satisfies the DBI equations.
The boundary conditions of the problem are the following : at u → ∞ the
D8 brane and D8 branes are localized at τ = L/2 and τ = −L/2 respectively
whereas in the infrared they may be able to join (or not) at some point u0 if chiral
symmetry is broken (preserved). Although we will describe the general solutions for
0 ≤ L ≤ pi/(MKK), we are only interested in the antipodal solution L = pi/(MKK).
The reason is that in the antipodal limit the solution simplifies drastically and it is
possible to evaluate the action analytically.
We will turn an homogeneous magnetic field ~B on the D8-D8 branes by consid-
ering the following gauge field ansatz :
At = Aτ = Aα = 0 , ~A =
1
2
~B × ~x , (3.2)
where Aα denotes the components of the gauge field in the directions of the S
4 sphere.
3Interestingly, a new supergravity background has recently been proposed in [14] to describe a
four dimensional Yang-Mills plasma . In this paper, however, we will only consider the construction
of [6] where the gluon plasma is five dimensional.
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3.1 The confined phase
In the confined phase, the induced metric of the D8-D8 branes can be written as
ds2D8 =
( u
R
)3/2 {
dt2 + dx2 +
[
f(u) +
(
R
u
)3
u′2
f(u)
]
dτ 2
}
+R3/2u1/2dΩ24 , (3.3)
where u′ := du/dτ .
Under (3.2) and (3.3), the DBI action reduces to
SDBIConf = C
V3
T
∫
dτ u4
√
f(u) +
(
R
u
)3
u′2
f(u)
√
1 +
(
R
u
)3
(2piα′)2| ~B|2 , (3.4)
where
C :=
µ8
gs
VS4 = (2pi)
−7MKKVS4 λ
−1α′−4Nc . (3.5)
Defining the dimensionless variables v = u/uKK and θ = Mkkτ , the action can be
written as
SDBIConf = Cˆ
V3
T
∫ pi
−pi
dθ v4
√
fˆ(v) +
9
4
v˙2
v3fˆ(v)
√
1 +
Bˆ2
4v3
, (3.6)
where
Cˆ := Cu4KKM
−1
KK =
1
pi2
M4KK λ¯
3Nc ,
fˆ(v) := 1− v−3 , v˙ := dv/dθ ,
Bˆ := | ~B|/(λ¯M2KK) , λ¯ := λ/(27pi) , (3.7)
and we used VS4 = (8/3)pi
2. Working in these coordinates it is clear that the D8-D8
brane action is of order λ3Nc.
Since the Lagrangian in (3.6) does not depend explicitly on θ, it is useful to
consider θ as a time direction so that the Euler-Lagrange equations are equivalent
to the conservation of the Hamiltonian
dH
dθ
= −Cˆ V3
T
d
dθ
{
v4fˆ(v)
√
1 + Bˆ
2
4v3√
fˆ(v) + 9
4
v˙2
v3fˆ(v)
}
= 0 . (3.8)
The boundary conditions in the ultraviolet are v(±∆θ/2) =∞, where ∆θ = MKKL
where±∆θ/2 are the positions of the D8 and D8 in the θ coordinate. At the minimum
value v = 1 (corresponding to u = uKK) the size is effectively zero. For this reason
the D8 and D8 branes have to connect at some point v0 ≥ 1 and chiral symmetry is
spontaneously broken. Since the solution is even in θ we have the infrared boundary
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conditions v(0) = v0 and v˙(0) = 0. From the Hamiltonian conservation (3.8) and the
infrared boundary conditions we find
v4fˆ(v)
√
1 + Bˆ
2
4v3√
fˆ(v) + 9
4
v˙2
v3fˆ(v)
= v40
√
fˆ(v0)
√
1 +
Bˆ2
4v30
. (3.9)
Solving this equation we find
dv
dθ
= ±2
3
v3/2fˆ(v)
√√√√√v8
v80
fˆ(v)
fˆ(v0)
(
1 + Bˆ
2
4v3
)
(
1 + Bˆ
2
4v30
) − 1 , (3.10)
where ± corresponds to the D8 (D8) sectors. Evaluating (3.6) at the solution (3.10),
we find that the on-shell action takes the form
SDBIConf = 3Cˆ
V3
T
∫ ∞
v0
dv
v5/2
(
1 + Bˆ
2
4v3
)
√
fˆ(v)
(
1 + Bˆ
2
4v3
)
− v80
v8
fˆ(v0)
(
1 + Bˆ
2
4v30
) . (3.11)
The antipodal limit corresponds to v0 → 1 (or u0 → uKK). In that limit we find
v˙ → ±∞ and the D8-D8 branes become two horizontal lines at θ = ±pi/2 that are
smoothly connected at uKK . In the antipodal limit the on-shell action reduces to
SDBIConf = 3Cˆ
V3
T
∫ ∞
1
dv
v5/2√
fˆ(v)
√
1 +
Bˆ2
4v3
. (3.12)
3.2 The deconfined phase
In this case the induced metric takes the form
ds2D8 =
( u
R
)3/2 {
h(u)dt2 + dx2 +
[
h(u) +
(
R
u
)3
u′2
]
dτ 2
h(u)
}
+R3/2u1/2dΩ24 .(3.13)
Under the gauge field ansatz (3.2) the DBI action takes the form
SDBIDeconf = Cˆ
V3
T
∫
dθ v4
√
hˆ(v) +
9
4
v˙2
v3
√
1 +
Bˆ2
4v3
, (3.14)
where hˆ(v) := 1 − (vT/v)3 with vT = uT/uKK . The conservation of Hamiltonian
associated with (3.14) now reads
dH
dθ
= −Cˆ V3
T
d
dθ
{
v4hˆ(v)
√
1 + Bˆ
2
4v3√
hˆ(v) + 9
4
v˙2
v3
}
= 0 . (3.15)
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Since the τ coordinate does not shrink to zero size at the horizon vt, now we have
two possible solutions. The first solution describes a scenario where the D8 and D8
branes merge at some point v0 and chiral symmetry is broken. This solution takes
the form
v˙ = ±2
3
v3/2
√
hˆ(v)
√√√√√v8
v80
hˆ(v)
hˆ(v0)
(
1 + Bˆ
2
4v3
)
(
1 + Bˆ
2
4v30
) − 1 . (3.16)
The corresponding on-shell action takes the form
S
DBI(I)
Deconf = 3Cˆ
V3
T
∫ ∞
v0
dv
v5/2
√
hˆ(v)
(
1 + Bˆ
2
4v3
)
√
hˆ(v)
(
1 + Bˆ
2
4v3
)
− v80
v8
hˆ(v0)
(
1 + Bˆ
2
4v30
) . (3.17)
The second solution describes a scenario where the D8 and D8 branes are dis-
connected. They remain localized at θ = ∆θ/2 and θ = −∆θ/2 all the way ending
separately at vT so that chiral symmetry is preserved. The on-shell action then takes
the form
S
DBI(II)
Deconf = 3Cˆ
V3
T
∫ ∞
vT
dv v5/2
√
1 +
Bˆ2
4v3
. (3.18)
In the antipodal limit ∆θ → pi and the first solution disappears. This implies
that chiral symmetry restoration is mandatory in the deconfined phase. The on-shell
action in the antipodal limit is given by (3.18).
3.3 Quark thermodynamics
3.3.1 Maxwell truncation
The effective magnetic field Bˆ goes to zero in the limit of large λ, keeping | ~B| fixed.
Then we can expand the square root in (3.12) and (3.18) in powers of Bˆ2. The result
for the confined phase is
SDBIConf = 3Cˆ
V3
T
[ ∫ ∞
1
dv
v5/2√
fˆ(v)
+
Bˆ2
8
∫ ∞
1
dv
v−1/2√
fˆ(v)
+O(Bˆ4)
]
= 3Cˆ
V3
T
[
I−7/6,1/2 +
Bˆ2
8
I−1/6,1/2 +O(Bˆ4)
]
, (3.19)
where
Ia,b :=
1
3
∫ 1
0
dx xa−1(1− x)b−1 , (3.20)
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and we performed the change of variable x = v−3. The integral Ia,b is finite when
a > 0 and b > 0. However in our case the integrals are divergent so they need to be
regularized. Introducing a cut-off at vmax = 1/ (equivalently xmin = 
3) with → 0,
the integrals can be performed and we obtain
SDBIConf = Cˆ
V3
T
[6
7
−7/2 + 3−1/2 +
3
4
Bˆ2−1/2
+ B(−7/6, 1/2) + Bˆ
2
8
B(−1/6, 1/2) +O(Bˆ4)
]
, (3.21)
where B(a, b) is the Beta function, which is usually written as
B(a, b) =
Γ(a)Γ(b)
Γ(a+ b)
. (3.22)
The divergences in (3.21) can be cancelled out with a counterterm action of the form
Sct = −Cˆ V3
T
[6
7
−7/2 + 3(1 +
Bˆ2
4
)−1/2
]
. (3.23)
This counterterm can be obtained by considering the variational problem of the DBI
action (3.6) taking the v coordinate as a field depending on θ. The variation of (3.6)
takes the form
δSDBIConf =
∫ pi
−pi
dθ
[∂LDBIConf
∂v
− dΠ
DBI
Conf
dθ
]
δv +
[
ΠDBIConf δv
]pi
−pi
, (3.24)
where
ΠDBIConf :=
∂LDBIConf
∂v˙
. (3.25)
When evaluating (3.24) at the solution (3.10) the bulk term vanishes and the bound-
ary term takes the form[
ΠDBIConf δv
]pi
−pi
= Cˆ
V3
T
δ
[
6
7
v7/2max + 3(1 +
Bˆ2
4
)v1/2max + . . .
]
. (3.26)
Thus the variation of the counterterm action (3.23) cancels the first two terms in
(3.26) whereas the subleading terms can be cancelled by adding counterterms of the
form n+1/2 with n some positive integer. This way the variational problem is now
well defined and we have also cancelled the divergences. The reason why δv is not
zero in (3.26) is that we have already imposed the infrared boundary conditions
v(0) = v0 and v˙(0) = 0 to get the solution (3.10) so there is no freedom to fix v
again.
We have adopted here a minimal prescription where the counterterm action
(3.23) does not include any unnecessary finite terms. For this minimal substraction
the total action takes the form
SDBIConf = Cˆ
V3
T
B(−7/6, 1/2)
[
1 +
7
32
Bˆ2 +O(Bˆ4)
]
, (3.27)
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and we have used the the recurrence relation (a + b)B(a + 1, b) = aB(a, b). At
Bˆ = 0 the result (3.27) may be interpreted in terms of a (negative) Casimir energy
associated with the D8-D8 probe branes.
For the deconfined phase we can expand the square root in the action (3.18) and
get
SDBIDeconf = 3Cˆ
V3
T
[ ∫ ∞
vT
v5/2 +
Bˆ2
8
∫ ∞
vT
dvv−1/2 +O(Bˆ4)
]
. (3.28)
This time the integrals are trivial so that after introducing a cut-off at vmax = 1/
we get
SDBIDeconf = Cˆ
V3
T
[6
7
−7/2 +
3
4
Bˆ2−1/2 − 6
7
v
7/2
T −
3
4
Bˆ2v
1/2
T +O(Bˆ4)
]
. (3.29)
Note that one divergence present in the confined regime is not present in the decon-
fined case. This is a consequence of the difference on the actions in both regimes.
This time the counterterm action takes the form
Sct = −Cˆ V3
T
[6
7
−7/2 +
3
4
Bˆ2−1/2
]
. (3.30)
Again, this action can be obtained by considering the variational problem for the
action (3.14). In the minimal prescription the total action takes the form
SDBIDeconf = −Cˆ
V3
T
T¯ 7
(
6
7
)[
1 +
7
8
Bˆ2
T¯ 6
+O(Bˆ4)
]
, (3.31)
where we have defined T¯ := 2piT/(MKK) and we used
vT =
uT
uKK
= T¯ 2 . (3.32)
We have used a renormalization procedure based on the principle of least action
and is similar to the one used for holographic Wilson loops [15, 16] and to the one
suggested in [17] for one-point functions. It would be interesting to develop a covari-
ant procedure more similar to that used previously in [12, 18]. The main difficulty for
that construction arises due to the non-conformal asymptotics of the Sakai-Sugimoto
model. One may need to consider the Weyl transformation for Dp-brane backgrounds
suggested in [13, 18, 19], which maps the metric to an asymptotically AdSp+2×S8−p
spacetime.
3.3.2 Complete DBI action
Redefining the variables as x = v−3 we can write the action for the confined phase
(3.12) as
SDBIConf = Cˆ
V3
T
∫ 1
0
dx xa−1(1− x)b−1(1− zx)−c , (3.33)
– 10 –
where
a = −7
6
, b =
1
2
, c = −1
2
, z = −Bˆ
2
4
. (3.34)
We regularize the integral and the divergent part can be subtracted using the coun-
terterm action (3.23) described in the Maxwell case. The reason is that the terms of
order Bˆ4 or higher in the expansion do not bring new divergences. The total action
reads
SDBIConf = Cˆ
V3
T
B(−7/6, 1/2)F
(
−1
2
,−7
6
;−2
3
;−Bˆ
2
4
)
, (3.35)
where F (c, a; a + b; z) is the hypergeometric function. Expanding this function for
small z we recover the Maxwell result (3.27).
For the deconfined phase we define the variable x = (vT/v)
3 so that the action
(3.18) takes the form
SDBIDeconf = Cˆ
V3
T
v
7/2
T
∫ 1
0
dx xa−1(1− x)b−1(1− zx)−c , (3.36)
where
a = −7/6 , b = 1 , c = −1/2 , z = − Bˆ
2
4v3T
. (3.37)
Regularizing the integral and subtracting the divergences with the counterterm action
(3.30) we get
SDBIDeconf = −Cˆ
V3
T
T¯ 7
(
6
7
)
F
(
−1
2
,−7
6
;−1
6
;− Bˆ
2
4T¯ 6
)
. (3.38)
Expanding the hypergeometric function for small argument we recover the Maxwell
result (3.31).
3.4 Pressures, magnetizations and magnetic susceptibilities
The quark contribution to the pressure in the confined regime is given by
PQuarksConf = −
M4KK
pi2
λ¯3NcB(−7/6, 1/2)F
(
−1
2
,−7
6
;−2
3
;−Bˆ
2
4
)
. (3.39)
Since B(−7/6, 1/2) ≈ −2.56057 we conclude that the quark contribution to the
pressure is positive in the confined regime. This result may be interpreted as a
λ2/Nc correction to the vacuum pressure, arising from quark loops
4.
4This result differs from the result found in [3] where a negative contribution to the pressure
was found from a 1/Nc correction to the effective string tension.
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The pressure in the deconfined regime takes the form
PQuarksDeconf =
6
7
M4KK
pi2
λ¯3Nc T¯
7 F
(
−1
2
,−7
6
;−1
6
;− Bˆ
2
4T¯ 6
)
, (3.40)
This result can be interpreted as a λ2/Nc correction to the pressure of a strongly cou-
pled quark gluon plasma where the gluons live in five dimensions (the world volume
of the D4-branes) and the quarks live in four dimensional defects (the intersection
of the D4-branes and D8-D8 branes).
Of course, this plasma is very different from the four dimensional quark gluon
plasma developed in real QCD. In particular, the dependence λ3T 7 at zero magnetic
field is a consequence of the power-law running of the effective coupling described in
(2.7) in the sense that
λ3T 7 ∼ λ35(T )T 4 , (3.41)
where λ5(T ) ∼ λT is the effective five dimensional coupling. The T 4 dependence is
what we already expect from the Stefan-Boltzmann limit.
Although the theory that we are leading with is not real QCD, our result may
be useful as a guide towards the physics of a strongly coupled quark gluon plasma
in the presence of a magnetic field. We plot in Figure 1 our results for the confined
and deconfined quark pressures. For the confined phase we define a rescaled pressure
Pˆ = PQuarksConf ×
(
M4KK
pi2
λ¯3Nc
)−1
and plot it as a function of the rescaled magnetic field
Bˆ = | ~B| × (λ¯M2KK)−1. This is shown in the blue solid line. For the deconfined phase
we find convenient to define the rescaled pressure P˜ = PQuarksDeconf ×
(
M4KK
pi2
λ¯3Nc
)−1
T¯−7
and plot it as a function of a combination of a new variable B˜ = BˆT¯−3. From the
plots we can conclude that, at non-zero magnetic field and fixed temperature, the
magnetization is positive in the confined and deconfined regime. Interestingly, if we
consider Tc = MKK/(2pi) we find that the difference of pressures is non-zero and
changes sign at Bˆ ≈ 3.48.
The magnetizations and magnetic susceptibilities are determined from the eu-
clidean DBI actions through the relation
M(B, T ) = − T
V3
∂S
∂| ~B| = −λ¯
−1M−2KK
T
V3
∂S
∂Bˆ
,
χ(B, T ) =
∂M
∂| ~B| = λ¯
−1M−2KK
∂M
∂Bˆ
. (3.42)
In the confined phase the magnetization and magnetic susceptibility are inde-
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Figure 1: The blue solid line represents the rescaled confined pressure Pˆ as a function
of the rescaled magnetic field Bˆ. The red dashed line represents the rescaled deconfined
pressure P˜ as a function of B˜ = BˆT¯−3. Read the text for a description of the rescaled
quantities.
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Figure 2: Left Panel: The blue solid line represents the rescaled confined magnetization
Mˆ as a function of the rescaled magnetic field Bˆ. The red dashed line represents the
rescaled deconfined magnetization M˜ as a function of B˜ = BˆT¯−3 (read the text for a
description of the rescaled quantities). Right Panel : The magnetization difference Mˆ −M˜
at T¯ = 1 as a function of the rescaled magnetic field Bˆ.
pendent of the temperature and take the form
MConf(Bˆ) = −M
2
KK
pi2
λ¯2Nc
(
7
16
)
B(−7/6, 1/2)F
(
1
2
,−1
6
;
1
3
;−Bˆ
2
4
)
Bˆ , (3.43)
χConf(Bˆ) = − λ¯Nc
pi2
(
7
16
)
B(−7/6, 1/2)
[
F
(
1
2
,−1
6
;
1
3
;−Bˆ
2
4
)
+
Bˆ2
8
F
(
3
2
,
5
6
;
4
3
;−Bˆ
2
4
)]
. (3.44)
In the deconfined phase we find the following magnetization and magnetic sus-
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ceptibility :
MDeconf(BˆT¯
−3, T¯ ) =
M2KK
pi2
λ¯2Nc
(
3
2
)
F
(
1
2
,−1
6
;
5
6
;− Bˆ
2
4T¯ 6
)
Bˆ T¯ , (3.45)
χDeconf =
λ¯Nc
pi2
(
3
2
)
T¯
[
F
(
1
2
,−1
6
;
5
6
;− Bˆ
2
4T¯ 6
)
+
Bˆ2
20T¯ 6
F
(
3
2
,
5
6
;
11
6
;− Bˆ
2
4T¯ 6
)]
. (3.46)
From the results (3.43) and (3.45) it is clear that when the magnetic field is
small the dependence of the confined and deconfined magnetizations is linear in Bˆ.
To analyse the opposite regime we rewrite the magnetizations as
MConf(Bˆ) = −7
8
M2KK
pi2
λ¯2NcB(−7/6, 1/2)
×
[Γ(1/3)Γ(2/3)
Γ2(1/2)
(
Bˆ
2
)4/3
F
(
−1
6
,
1
2
,
1
3
;− 4
Bˆ2
)
+
Γ(1/3)Γ(−2/3)
Γ2(−1/6) F
(
1
2
,
7
6
;
5
3
;− 4
Bˆ2
)]
, (3.47)
MDeconf(BˆT¯
−3, T¯ ) = 3
M2KK
pi2
λ¯2NcT¯
4
×
[Γ(5/6)Γ(2/3)
Γ(1/2)
(
Bˆ
2T¯ 3
)4/3
F
(
−1
6
, 0;
1
3
;−4T¯
6
Bˆ2
)
+
Γ(1/2)Γ(−2/3)
Γ(−1/6)Γ(1/3)F
(
1
2
,
2
3
;
5
3
;−4T¯
6
Bˆ2
)]
, (3.48)
From (3.47) and (3.48) we conclude that the leading order of the magnetization is
Bˆ4/3 for both confined and deconfined phases. This result differs with the B logB
dependence obtained in perturbative QCD calculations [20] and D3/D7 holographic
calculations [21] for zero bare mass. Interestingly, at T¯ = 1 the leading terms in
(3.47) and (3.48) are exactly the same so that the magnetization difference is a
constant at Bˆ → ∞. This saturation phenomena is similar to that obtained in [8]
for the non-antipodal solutions in the deconfined regime.
In Figure 2 we plot our results for the magnetizations. In the confined regime
we define the rescaled magnetization Mˆ = MConf ×
(
M2KK
pi2
λ¯2Nc
)−1
whereas in the
deconfined regime we define M˜ = MDeconf ×
(
M2KK
pi2
λ¯2Nc
)−1
T¯−1. The left panel of
Figure 2 shows a plot of Mˆ as a function of Bˆ and M˜ as a function of B˜ = BˆT¯−3.
The right panel of Figure 2 shows the difference of magnetizations Mˆ − M˜ for T¯ = 1
as a function of the magnetic field Bˆ, indicating a saturation effect at large Bˆ.
In Figure 3 we plot our results for the magnetic susceptibilities. In the confined
regime we define the rescaled magnetic susceptibility χˆ = χConf ×
(
λ¯Nc
pi2
)−1
and plot
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Figure 3: The blue solid line represents the rescaled confined magnetic suceptibility χˆ
as a function of the rescaled magnetic field Bˆ. The red dashed line represents the rescaled
deconfined magnetic susceptibility χ˜ as a function of B˜ = BˆT¯−3. Read the text for a
description of the rescaled quantities.
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Figure 4: The vacuum magnetization after subtracting the linear term, i.e. M r(| ~B|) :=
MConf(| ~B|) − M ′Conf(0)| ~B| for the phenomenological values MKK = 1GeV, λ¯ = 13 and
Nc = 3.
it as a function of Bˆ, where as in the deconfined regime we define χ˜ = χDeconf ×(
λ¯Nc
pi2
)−1
T¯−1 and plot it as a function of B˜ = BˆT¯−3. From these plots we conclude
that the magnetic susceptibilities increase with the magnetic field. Interestingly, at
zero magnetic field we find a positive result for the confined and deconfined magnetic
susceptibility that indicates a paramagnetic response of quarks in the strong coupling
regime.
In Figure 4 we plot M r(| ~B|) := MConf(| ~B|)−M ′Conf(0)| ~B| for the phenomenolog-
ical values MKK = 1GeV, λ¯ =
1
3
and Nc = 3. This shows that the vacuum remains
paramagnetic even after subtracting the linear term in the magnetization. A similar
paramagnetic behaviour has been predicted recently using a hadron resonance gas
model [22] and observed in a lattice QCD calculation [23].
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3.5 Correction to the deconfinement temperature
As described in section 2, the gluon contribution to the pressure is of order λN2c .
A deconfinement temperature Tc = MKK/(2pi) was obtained by equating the gluon
pressures in the confined and deconfined phases. On the other hand, the quark
contribution to the pressure is of order λ3Nc and we have seen from Figure 1 that at
Tc = MKK/(2pi) the result for the confined phase differs from that obtained in the
deconfined phase. This means that the total pressures evaluated at Tc are not equal
:
PGluonsConf (Tc) + P
Quarks
Conf (Tc) 6= PGluonsDeconf (Tc) + PQuarksDeconf (Tc) (3.49)
In order to solve this problem we consider a correction to the deconfinement
temperature δT of order λ2/Nc that would modify the gluon contribution to the
pressure so that
PGluonsConf (Tc + δT ) + P
Quarks
Conf (Tc) = P
Gluons
Deconf (Tc + δT ) + P
Quarks
Deconf (Tc) . (3.50)
Using the results (2.11), (2.12), (3.39) and (3.40) in (3.50) we find
δT =
(
MKK
216pi4
)
λ2
Nc
{
−B(−7/6, 1/2)F
(
−1
2
,−7
6
;−2
3
;−Bˆ
2
4
)
− 6
7
F
(
−1
2
,−7
6
;−1
6
;−Bˆ
2
4
)}
. (3.51)
We plot in Figure 5 the temperature correction δT , in units of λ2/(216pi4Nc), as a
function of the effective magnetic field Bˆ. The main feature of this plot is that δT
decreases as the magnetic field increases, implying a lower deconfinement tempera-
ture in the presence of a strong magnetic field. This is in accordance with the results
obtained from lattice QCD [1], the MIT bag calculation [2] and large-Nc counting
rules [3]. Note, however, that at large magnetic fields δT has a linear dependence in
Bˆ, in contrast to the saturation phenomena observed in lattice results [1].
Since we are working in the antipodal scenario, the deconfinement temperature
coincides with the chiral restoration temperature. Then we conclude from our re-
sults that, in the antipodal Sakai-Sugimoto model, a strong magnetic field would
tend to inhibit confinement and chiral symmetry breaking. This is in contrast with
the phenomena of magnetic catalysis where a strong magnetic field enhances chiral
symmetry breaking, which was obtained in the non-antipodal case [7–9].
3.6 Total pressure and perturbative backreaction analysis
The total pressure for the confined phase can be written as
PGluonsConf + P
Quarks
Conf =
2
81pi
M4KK λ¯N
2
c
{
1− ¯ 81
2pi
B(−7/6, 1/2)
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Figure 5: The temperature correction δT in units of (MKKλ
2)/(216pi4Nc) as a function
of the magnetic field Bˆ = | ~B|/(λ¯M2KK). At zero magnetic field δT is positive and then
falls as Bˆ increases becoming negative at Bˆ ≈ 3.48.
× F
(
−1
2
,−7
6
;−2
3
;−Bˆ
2
4
)}
, (3.52)
where ¯ := λ¯2/Nc. Similarly, the total pressure for the deconfined phase can be
written as
PGluonsDeconf + P
Quarks
Deconf =
2
81pi
M4KK λ¯N
2
c T¯
6
{
1 + ¯ T¯
81
2pi
(
6
7
)
× F (−1/2,−7/6;−1/6;−Bˆ
2
4
)
}
, (3.53)
where T¯ = 2piT/(MKK). We see from (3.52) and (3.53) that, although we have
limited to the quenched approximation (Nf  Nc), we have already obtained a first
correction to the on-shell action that is proportional to ¯ = λ¯2/Nc.
The perturbative parameter  appears already when considering the ratio of the
effective couplings for the quark and gluon actions [24] :
˜ :=
(
µ8
gs
)
(
1
16piG10 g2s
) = ( 1
8pi2M2KKR
3
)
λ2
Nc
∼ ¯ . (3.54)
As shown in [24], the backreaction of the quark sector can be investigated per-
turbatively in ˜. The result was that at linear order in ˜ only the metric and the
dilaton suffer a correction, i.e.
g0PQ → g0PQ + ˜ g1PQ
φ0 → φ0 + ˜ φ1 , (3.55)
where g0PQ and φ
0 are the metric and dilaton corresponding to the D4-brane back-
ground (2.1,2.8) where as g1PQ and φ
1 denote the first corrections to the metric and
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dilaton respectively. Expanding at linear order in ˜ the supergravity action, that
describes the gluon sector, we obtain
SSugra(g0PQ + ˜g
1
PQ, φ
0 + ˜φ1) ≈ SSugra(g0PQ, φ0) + ˜
∫
d10x
[δSSugra
δg0PQ
g1PQ
+
δSSugra
δφ0
φ1
]
. (3.56)
Since g0PQ and φ
0 are solutions to the supergravity equations we have
δSSugra
δg0PQ
=
δSSugra
δφ0
= 0 . (3.57)
From this result we conclude that the linear corrections to the metric and dilaton
would not modify the on-shell supergravity action at linear order in ˜. As a con-
sequence, the pressures obtained in (3.52) and (3.53) would not receive corrections
from the backreacted metric at linear order in the perturbative paremeter5.
4. Conclusions
We have investigated the thermodynamics of massless quarks in the presence of a
magnetic field considering a holographic model for large-Nc QCD. From the renormal-
ized euclidean actions for the probe branes we have estimated the quark contribution
to the pressure and the magnetic susceptibilities. We found positive susceptibilities
indicating a paramagnetic behaviour and we estimated a λ2/Nc correction to the
deconfinement temperature that decreases as a function of the magnetic field. This
result can be interpreted as a magnetic inhibition of confinement and chiral symme-
try breaking. It is important to mention that a similar phenomena called inverse
magnetic catalysis, which is the magnetic inhibition of chiral symmetry breaking,
has been recently found in the Sakai-Sugimoto model when a chemical potential is
turned on [26].
We have restricted to the antipodal limit of the Sakai-Sugimoto model. It would
be interesting to extend this work to the non-antipodal case where chiral symmetry
restoration can occur after the deconfinement transition. For simplicity, we have
renormalized the DBI actions considering a minimal subtraction procedure based on
the principle of least action. A more formal subtraction can be done using covariant
counterterms but since the asymptotics is not AdS it might be necessary to map
the D4-brane background to an asymptotically AdS6 × S4 spacetime, as suggested
in [13, 18, 19]. We leave these issues for a future work.
5An explicit example where the unquenched and quenched result for the pressure coincide at
linear order was obtained in [12, 25] for the D3-D7 brane model.
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It is important to remark that we have worked in the probe approximation so
we did not take into account the backreaction of the D8-D8 branes on the D4-brane
background. Nevertheless, we conjectured that the deformed D4-brane background
would contribute only at quadratic order in the perturbative parameter so that our
result in the probe approximation would not be modified. To check this we have
to evaluate the supergravity action for the deformed background using the methods
developed in [24]. As a bonus we may find quadratic corrections to the pressures.
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